The equilibrium as well as nonequilibrium phase behaviors of colloidal dispersions have been investigated using statistical-mechanical theories of fluids and solids in complement with the renormalization-group ͑RG͒ theory. It is shown that the osmotic second virial coefficient at the critical point of the fluid-fluid transition varies with the range of attractions and is sensitive to specific forms of the attractive potential in contrast to a common speculation that it remains practically constant. However, for colloids with short-ranged forces, the critical temperature of the fluid-fluid phase transition is well correlated with the range of attractions in good agreement with an earlier empirical correlation based on simulation results. A comparison of the relative positions of the fluid-fluid coexistence curve, freezing, melting, and percolation lines in the phase diagram indicates that the gelation in colloidal systems has significant effects on the equilibrium phase transitions and crystallization, especially when the attractions between colloidal particles are short ranged.
I. INTRODUCTION
The phase behavior of colloidal dispersions has been of considerable interest in recent years for its close connection to that of atomic systems, to protein crystallization and for the broad applications of colloids in the fabrication of nanostructured materials including photonic crystals, advanced catalysts, membranes, and ceramics ͓1-10͔. It is now well established that structural ordering in a colloidal dispersion resembles the fluid-solid transition in an atomic system, while the equilibrium between a dilute and a concentrated colloidal phases resembles the gas-liquid coexistence of a simple fluid. However, unlike that in most atomic systems where the intermolecular attractions are approximately conformal, attractions between colloidal particles vary widely depending on the chemical constitutes of the particles as well as on the solution conditions, such as temperature, pH, salt type, and solvent composition ͓11-15͔. The lack of conformality in colloidal potentials complicates the phase behavior of colloids, especially on the interplay among various coexisting phases and nonequilibrium phase transitions ͓8,16 -18͔.
Since the pioneering work by Gast, Hall, and Russel on the phase behavior of colloid-polymer mixtures ͓19͔, it has been extensively shown by theory ͓20-23͔, simulation ͓24 -27͔, and experiment ͓28 -30͔ that colloidal dispersions exhibit stable vapor-liquid-like transition when the attractive forces between colloidal particles are long ranged, and the fluid-fluid transition is metastable relative to the fluid-solid equilibrium when the attractions are short ranged. Approximately, the minimum range of attractions for the appearance of a thermodynamically stable fluid-fluid transition is about one-sixth of that of repulsions ͓31͔. While previous investigations explain semiquantitatively why a condensed fluid ͑''liquid''͒ is thermodynamically stable in most atomic and molecular systems ͑where the van der Waals attractions between molecules are long ranged in comparison to the molecular diameter͒ and why the fluid-fluid transition in colloids is often metastable ͑owing to the large size of colloidal particles͒, there is only limited understanding of the relations between the stable or metastable thermodynamic phase transitions and a variety of loosely defined nonequilibrium colloidal phenomena such as gelation, coagulation, dynamic arrest, ergodic-nonergodic transitions, vitrification and jamming ͓32͔. These nonequilibrium phenomena directly affect the behavior of equilibrium phase transitions in colloidal dispersions, structural ordering in particular, and often result in poorly characterized amorphous soft materials. Because of the interference of nonequilibrium phenomena, it is notoriously difficult to design experimental parameters to achieve desired equilibrium colloidal structures such as crystallization of aqueous protein solutions that are of significant importance in practical applications.
Nonequilibrium states such as gels, aggregates, and glasses are commonplace in colloidal systems and they play important roles in materials, food, medical, and numerous other industries ͓33͔. However, the lack of a coherent understanding of these nonequilibrium states means that many industrially important processes are handled by strictly empirical means. Although much progress has been made in recent years on the dynamic behavior of colloidal dispersions, it remains difficult to provide accurate predictions of various nonequilibrium phenomena ͓32,34,35͔. The most successful theoretical approach to describe glass transition in colloidal systems is from the ideal mode coupling theory ͑MCT͒ ͓36,37͔. MCT provides a good representation of the dynamic structure factors of hard-sphere and charge-stabilized colloids as well as in colloids with short-ranged attractions near glass transition ͓17,38 -41͔. While MCT explains some elements of the transition to nonequilibrium states, it does suffer severe limitations, especially at conditions where the system is thermodynamically unstable and the definition of the equilibrium structure factor lacks a clear physical meaning. Recently, MCT has also been proposed to represent the glassy behavior of colloidal gelation ͓8͔.
In this work, we investigate the interplay of the equilibrium phase transitions and the percolation in colloidal systems with changeable ranges of interparticle attractions. We consider here two model potentials commonly used in the literature. One is the hard-core attractive Yukawa potential where the interparticle attraction decays exponentially with the separation. The other is the Asakura-Oosawa potential, which is frequently used to represent the interaction between colloidal particles in the presence of nonadsorbing polymers. We choose these two model systems because their equilibrium phase diagrams are relatively well understood and there has been fair amount of evidence on the behavior of their nonequilibrium states. Nevertheless, even for these relatively simple systems, a quantitative representation of the complete phase diagram, especially on the interactions among fluidfluid, fluid-solid phase transitions and gelation, remains subtle. Over the past few years there have been speculations based on experimental observations ͓42͔ and molecular simulations for various model potentials ͓43͔ that the metastable fluid-fluid coexistence curve is likely to be represented by an extended corresponding state theory. It has also been conjectured that the reduced osmotic second virial coefficients at the critical point of the metastable fluid-fluid equilibrium remain practically constant for a variety of colloidal dispersions ͓44͔. Furthermore, empirical correlations have been proposed that relate the second virial coefficient to the critical temperature of the metastable fluid-fluid transition ͓43͔ and to the solubility and crystallization of proteins in aqueous solutions ͓9,45͔. However, little theoretical investigations have been reported to verify these and other postulates that are obtained from limited experimental and simulation data.
Prediction of the fluid and solid boundaries requires reliable thermodynamic models for both crystalline solids and fluid phases. While the liquid-state theories are now well established, it remains challenging to predict the thermodynamic and structural properties of crystalline phases and fluid properties near the critical region. Our calculations in this work are based on recently developed perturbation theories for the fluid and solid phases and on a percolation theory for potential colloidal gelation. We use different thermodynamic models for the fluid and solid because there is no continuous phase transition between the two phases. As long as both theoretical models are adequate, we should have accurate fluid-solid coexistence curves. Near the critical point of the fluid-fluid transition, we use a renormalization group theory originally proposed by White and co-workers ͓46,47͔ to take into account the long-range fluctuations. The calculated equilibrium phase diagrams are compared with simulation data whenever they are available. Meanwhile, a relatively simple theory of colloidal percolation proposed recently by Noro and Frenkel ͓16͔ is applied to predict the potential gelation regions. This theory is based on an earlier work for the percolation of adhesive hard spheres developed by Chiew and Glandt ͓48͔. While the numerical accuracy of this theory is yet to be established, it provides at least useful insights into the relation between the gelation and the metastable fluid-fluid transition that qualitatively agree with experimental observations.
II. THEORY
In this section, we briefly discuss the theoretical models used in the investigation of the equilibrium phase diagrams and the percolation of Yukawa as well as Asakura-Oosawa model systems.
A. Yukawa fluids
The hard-core attractive Yukawa potential is given by
where r is the center-to-center distance between particles and is the hard-core diameter. The energy parameter in the Yukawa potential specifies the strength of attraction and the screening parameter defines the attraction range. According to Eq. ͑1͒, the attraction becomes longer ranged as the screening parameter of the Yukawa potential decreases.
A variety of statistical-mechanical theories are available to represent the thermodynamic properties of Yukawa fluids ͓49͔. The most common approach is from the mean-spherical approximation ͑MSA͒, which provides analytical expressions for both structural and thermodynamic properties ͓50͔. The reference hypernetted chain ͑HNC͒ approximation ͓51͔ and the self-consistent Ornstein-Zernike approximation ͑SCOZA͒ ͓17͔ are more accurate than MSA but require significantly more numerical efforts. In this work, we use a variation of the MSA proposed recently by Henderson and co-workers based on the inverse temperature expansion of the Helmholtz energy up to the fifth order ͓52,53͔. We used the modified MSA instead of the first-order perturbation theory because the later is not very accurate when the attraction is long ranged. Unlike the original MSA where a set of six equations must be solved numerically, the modified MSA gives completely analytical expressions for the equation of state as well as for the radial distribution functions. Except near the critical point of the vapor-liquid equilibrium, the calculated results agree favorably with simulation data. The Helmholtz energy according to the modified MSA can be expressed as ͓54͔
where k is the Boltzmann constant, T is the temperature, and N is the number of particles. The first term on the right-hand side of Eq. ͑2͒ is the reduced Helmholtz energy for the hard-sphere reference fluid given by the Carnahan-Starling equation of state ͓55͔. The packing faction is defined as ϭ(/6) 3 , where stands for the particle number density. The remaining terms on the right-hand side of Eq. ͑2͒ are the reduced Helmholtz energy from the modified MSA for the attractive potential. Appendix A gives the expressions for the parameters 0 , ⌽ 0 , the single-variable function F(x), and the variables x and y. Equation ͑2͒ provides the starting point for calculating the vapor-liquid equilibrium of the Yakawa fluid using the renormalization group ͑RG͒ theory ͑see Sec. III D͒. Recently the modified MSA has been used to describe the thermodynamic properties of a variety of nonpolar fluids ͓56͔ and phase behavior of aqueous colloidal dispersions ͓57͔.
B. Asakura-Oosawa fluids
Asakura-Oosawa ͑AO͒ model is conventionally used to present the equilibrium phase behavior of colloids containing nonadsorbing polymers ͓23,26,58͔. According to this model, colloidal particles are represented by hard spheres and polymers by ideal chains that do not interact with each other. While the ideal polymer chains are allowed to penetrate among themselves, they are excluded from the particle surface, i.e., the center of mass of a polymer chain is separated from the particle surface no closer than the polymer radius of gyration. Due to the entropy effect, the excluded volume of the ideal polymers results in an effective attraction between colloidal particles, which can be represented by the AsakuraOosawa potential ͓59͔
where is the hard-sphere diameter of the colloidal particle, p is twice of the radius of gyration of the polymer chain, ␦ϭ p / is the polymer-particle size ratio, and p ϭ p p /6 is the packing fraction of the polymer at a number density p . In Eq. ͑3͒, the coefficients a 1 and a 2 are given by a 1 ϭ1.5/(1ϩ␦) and a 2 ϭ0.5/(1ϩ␦) 3 . The Asakura-Oosawa potential was originally derived from geometric considerations and can also be derived from statistical mechanics ͓60͔. According to this potential, the strength of attraction between colloidal particles is controlled by the polymer packing fraction and the range of attraction by the polymer radius of gyration.
Various statistical-mechanical theories for representing the thermodynamic properties of AO fluids have been recently reviewed by Poon ͓58͔. Most of these theories vary in the way the polymer component is treated. In this work we follow the ''one-component'' approach where the pairwise additive potential is given by Eq. ͑3͒. The mean-field Helmholtz free energy of the fluid phase is represented by a firstorder perturbation theory ͓19,49͔:
where the radial distribution function of the hard-sphere reference system, g 0 (r), is given by an analytical solution of the Percus-Yevick ͑PY͒ equation proposed by Chang and Sandler ͓61͔. We use the radial distribution function of hard spheres from Chang and Sandler instead of the widely used Verlet-Weis form ͓62͔ because the later requires numerical solution of the PY equation. We use the former because it is analytical. With the RG theory for correcting long-range fluctuations near the critical point of the fluid-fluid transition, we found that the second-order perturbation terms have only negligible effect on the calculated results for the vapor-liquid equilibrium of the AO fluids ͓63͔.
C. Crystalline solids
A recently proposed first-order perturbation theory is used to describe the thermodynamic properties of the Yukawa and AO solids ͓64͔. As for the fluid phase, the Helmholtz energy includes a contribution from the reference hard-sphere crystal and a perturbation term taking into account the attractive interactions
where g S HS (r) is the radial distribution function of the hardsphere solid, and u A (r) is the attractive potential given by Eq. ͑1͒ or ͑3͒. We assume that as in the hard-sphere reference system, the solid phases of both Yukawa and AO model systems have a face-centered-cubic ͑FCC͒ structure. The bodycenter-cubic ͑BCC͒ structure is stable only when there is long-range attraction between particles.
The Helmholtz energy of the hard-sphere solid is given by a modified cell mode ͓65͔,
where 0 ϭ&/ 3 is the close packing density of a FCC crystal. Compared with the original cell model proposed many years ago by Lennard-Jones and Devonshire ͓66͔, the modified cell model introduces a factor of 8 on the left-hand side of Eq. ͑6͒, taking into consideration that in real crystals the neighboring particles partially share the free space between lattice sites. Unlike the original cell model, the modified cell model provides accurate freezing and melting densities for the fluid-solid transition of uniform hard spheres.
To obtain the radial distribution function of hard spheres in an FCC lattice, we use a procedure similar to that proposed by Rascon, Mederos, and Navascues ͓67͔. The radial distribution function around an arbitrary tagged particle can be represented by the summation of an empirical exponential function for the first layer and the Gaussian distributions in the remaining layers:
where rЈϭr/, n i is the number of particles in the ith neighboring layer from the tagged particle, R i represents the center-to-center distance between a particle in the ith layer and the tagged particle. For an FCC lattice, the Gaussian parameter ␣ is related to the overall particle number density by
is derived from a comparison between the free volumes from the cell model and from the Gaussian density distributions ͓68͔. Other parameters in Eq. ͑7͒, ␣ 0 , ␣ 1 , and R 1 are determined by requiring that the radial distribution function gives the exact number of particles within the first layer, the exact mean distance between immediate neighboring particles, and a contact value that is consistent with the corresponding equation of state. By imposing these requirements, the parameters ␣ 0 , ␣ 1 , and R 1 can be solved from
where Z stands for the compressibility factor of the hardsphere solid, which, according to the modified cell model, is given by
In this work, we assume that the correlation beyond the first five layers does not make significant contribution to the thermodynamic properties. The numbers of particles (n i ) in the first five layers around an arbitrarily selected particle at the FCC lattice are given by ͓69͔ ͑ 12,6,24,12,24͒ ͑13͒ and the corresponding distances (R i ) from the central particle in units of lattice constant are
We use R 1 from Eq. ͑10͒ and R i , iϭ2,3,4,5, from Eq. ͑14͒ to calculate g S HS (r), as given in Eq. ͑7͒. Once we have the radial distribution function for the hard-sphere solid, the perturbation term in Eq. ͑5͒ can be integrated numerically using the Romberg adaptive method.
D. Renormalization group theory
Although recent advances in equilibrium theory of simple fluids have been primarily focused on the critical behavior near the vapor-liquid transition ͓70͔, we are not aware of any published work applying similar theories for colloidal systems. However, experimental investigations on the phase behavior of colloidal dispersions and aqueous protein solutions are often in the vicinity of the critical point of the metastable fluid-fluid phase transition ͓42,71,72͔. Indeed, nonmean-field scaling law on the relation between the critical temperature and the density has been observed in aqueous protein solutions. As first discovered by tenWolde and Frenkel using Monte Carlo simulations ͓73͔ the fluid-fluid critical point is directly related to the dynamics of colloidal-protein crystallization and dictates whether the fluid-fluid phase transition is metastable or stable in comparison to the fluid-solid equilibrium.
It is well recognized that a mean-field theory is not accurate for predicting the critical point of the fluid-fluid transition. Although the attraction between colloidal particles is typically shorter ranged than that between atomic molecules, the same theoretical tools for the nonmean-field behavior of simple fluids can be equally applied to colloidal systems in the framework of the ''one-component'' model. In this work, we use a RG theory originally developed by White and Zhang ͓47͔, taking into consideration the long-range fluctuations. Similar applications have been recently published for the vapor-liquid equilibrium of square-well and LennardJones models as well as realistic fluids ͓74 -76͔.
The RG theory calculates the Helmholtz energy due to long-range correlations recursively. It starts with a meanfield Helmholtz energy that ignores the fluctuations with a wavelength longer than 0 . In this work, this mean-field Helmholtz energy is calculated from Eq. ͑2͒ or Eq. ͑4͒ for Yukawa fluids and for AO fluids, respectively. The initial mean-field Helmholtz energy corresponds to that in a phasespace cell of volume V D,0 ϭ 0 3 . Contributions to the Helmholtz energy density due to longer wavelength fluctuations are calculated by adding a sequence of corrections to the Helmholtz energy density, ␦ f n , nϭ1,2,... . Specifically, as the fluctuation wavelength is increased at each step by a constant factor of t, the phase-space cell volume V D is increased by a factor of t 3 :
where tϭ2 is used in our calculations. The Helmholtz energy density after the expansion of the phase-space cell is calculated from a recursive relation
where the differential Helmholtz energy density ␦ f n () is given in Appendix B. Two parameters L and are involved in the RG recursion: L is related to the initial cutoff wavelength 0 and stands for the average gradient of the wavelet function ͑see Ref. ͓74͔ for details͒. These two parameters are obtained by fitting to the simulation results. The final Helmholtz energy of the system is calculated from the Helmholtz energy density according to
For most cases, satisfactory thermodynamic properties can be achieved after only a few steps of recursions.
E. Percolation theory for potential gelation
We use a simple percolation theory proposed by Noro and Frenkel ͓16͔ to identify the boundary of possible gelation in Yukawa and in AO systems. We select this theory to represent gelation because it involves only static properties of colloids and because it does not require the equilibrium structure factor as an input. The key assumption in this method is that the long-range attractions between colloidal particles have little effect on the threshold of percolation, and the boundary of possible gelation is mainly determined by an effective sticky parameter that represents the short-ranged attractions. The percolation criterion of Chiew and Glandt for sticky spheres is utilized to delimit the region where gelation is possible ͓48͔. Percolation is a necessary but not a sufficient condition to form a gel.
The long-and short-range attractive potentials are separated in terms of the osmotic second virial coefficient
where B 2 HS ϭ2 3 /3 is the second virial coefficient of hard spheres, ss is the sticky parameter defining the short-ranged attraction, and vdw is an effective sticky parameter characterizing the long-ranged forces. The sticky parameter vdw is related to the van der Waals energy parameter a by vdw ϭkTv 0 /a, ͑19͒
where v 0 ϭ 3 /6 is the hard-sphere volume. Noro and Frenkel conjectured that percolation in a colloidal system depends only on the short-range sticky parameter ss , which according to the analysis of Chiew and Glandt for sticky hard spheres occurs when ϱ р 1Ϫ2ϩ19 2 12͑1Ϫ ͒ 2 . ͑20͒
By comparing the percolation line to the fluid-fluid coexistence curve calculated from a mean-field theory, Noro and Frenkel concluded that long-range attraction is essential to quench metastable fluid-fluid equilibrium in colloidal systems.
III. RESULTS AND DISCUSSIONS
The fluid-fluid and fluid-solid coexistence curves are calculated by imposing that the osmotic pressures and the chemical potentials of two coexisting phases be equal:
For fluid-solid equilibrium, the osmotic pressures and the chemical potentials are directly calculated from the corresponding Helmholtz energies for fluid and solid phases using the standard thermodynamic identities
.
͑23͒
For fluid-fluid equilibrium, the RG theory is used to calculate the Helmholtz energy. The boundary for possible gelation is located by using Eq. ͑20͒. curves of attractive hard-core Yukawa model, using the modified MSA and the RG theory. Here the range of attraction varies from ϭ1.8 ͑long-ranged͒ to 7 ͑short-ranged͒. The critical point for each is solved from the first and second derivatives of the osmotic pressure with respect to density. As in the previous applications of RG theory for simple fluids ͓74,75,77͔, we treat and L as adjustable parameters. In Fig. 1 , and L are set to be 10.0 and 0.6, respectively. We found that these values yield the best fit of the critical temperatures and coexisting curves from Monte Carlo simulations. Figure 1 shows that the agreement between calculated results and simulation data is satisfactory at both short and long ranged attractions. While the coexistence curves calculated from the modified MSA theory alone agree well with simulation results far from the critical region, the modified MSA significantly overpredicts the critical temperatures. Figure 1 indicates that while the critical density is relatively insensitive to the change of the range of attraction, there is an apparent increase in the critical temperature as the range of attractions rises. Figure 2 shows the interaction between the fluid-fluid transition and the fluid-solid transition of the Yukawa model system for three values of . When the attraction is long ranged ͓Fig. 2͑a͒, ϭ3.9], the fluid-fluid phase transition is thermodynamically stable in comparison to the fluid-solid transition. In this case, the phase diagram includes a triple point where a dilute solution ͑vapor͒, a concentrated solution ͑liquid͒, and a crystalline solid are at equilibrium. As expected, the RG correction has only a minor effect at the triple point as long as it is not near the fluid-fluid critical region. As the range of attraction is reduced ͓Figs. 2͑b͒ and 2͑c͒, ϭ7 and 9, respectively͔, the fluid-fluid coexistence curve lies underneath the freezing line, denoting that the fluid-fluid transition is metastable. Both Figs. 2͑b͒ and 2͑c͒ indicate that the calculated freezing and melting lines are in good agreement with simulation results, particularly in the limit of high temperature. When /kTϭ0, the system reduces to a hardsphere colloid. Most previous investigations on fluid-solid equilibrium are based on perturbation theories similar to those present in this work. However, because the original cell model for hard-sphere phase transition is not at all accurate, simulation results for the freezing and melting densities are used as a reference for systems with attractive forces. Unlike most previous investigations of fluid-solid equilibrium, our calculations do not require the simulation results for the freezing transition of hard spheres.
Similar calculations have been applied to the AO fluids. Figure 3 shows the fluid-fluid and fluid-solid coexistence curves for three values of the colloid-polymer relative diameters. Also included in Fig. 3 are molecular simulation results by Tavares and Sandler, using the pairwise additive AO potential ͓63͔. We did not include in this plot the fluid-fluid coexistence lines at small values of polymer-particle size ratios because the simulation data are not available. With the RG parameters and L set as ϭ7.5 and L/ϭ1.0, the calculated fluid-fluid coexistence curve is in excellent agreement with simulation results for ␦ϭ1. In this case, the agreement between calculated and simulated melting and freezing lines is also satisfactory. At smaller values of ␦, however, the perturbation theory gives only a fair account of the freezing lines. Similar observations have been reported in previous investigations on the phase behavior of AO fluids ͓26,63͔. As for the Yukawa system, the AO potential yields a stable fluidfluid phase transition when the attraction is long ranged ͑large size of polymer chains͒ and a metastable fluid-fluid transition when the attraction is short ranged ͑small size of polymer chains͒.
B. The critical point of the fluid-fluid transition
A few year ago Rosenbaum and co-workers reported that when the phase diagrams of some aqueous protein solutions and colloidal dispersions are plotted in terms of the sticky parameter ͑or effectively, the reduced second virial coefficient͒ and the reduced number density, the fluid and solid lines of different colloids fall remarkably close as in the corresponding state theory of simple fluids ͓42͔. More recently, Vliegenthart and Lekkerkerker showed that although the critical temperature is sensitive to the range of attractive interactions, the reduced osmotic second virial coefficient remains practically constant at the critical point ͓44͔. Based on these and other investigations on the critical behavior of colloidal dispersions, it has been speculated that the fluid-fluid coexistence curves of colloidal dispersions may follow an extended corresponding theory ͓43͔. Semiempirical correlations have also been proposed as a predictor for protein crystallization and for the solubility of proteins in aqueous solutions ͓9,45͔. While these and other semiempirical correlations appear in good agreement with a variety of simulation results and experimental data, little theoretical investigations have been reported on the critical temperatures of colloidal dispersions with variable ranges of attractions. Figure 4 shows the effect of the reduced critical temperature (T c *ϭkT c /) as a function of the range of attraction ͑⌫͒ for six model potentials of colloids. Here the RG results for the square-well potential are from Lue and Prausnitz ͓74͔. As introduced by Noro and Frenkel ͓43͔, the range of attraction for an arbitrary potential is defined as that for an effective square-well potential that yields the same reduced second virial coefficient at the same reduced temperature. For colloids with short-ranged attractions (⌫Ͻ0.4), the simulation points remarkably fall into a straight line as proposed by Noro and Frenkel ͓43͔: T c *ϭ0.26ϩ2.1⌫.
͑24͒
While for the Yukawa fluids the critical temperatures predicted by the RG theory ͑the solid line͒ agree well with that from Eq. ͑24͒, when the range of attraction is larger than 0.4, the critical temperatures of the square-well fluids calculated from the RG theory and from the Monte Carlo simulation clearly do not follow the simple linear relation. The deviation is most significant at large values of the range of attractions.
We found that the invariance of the reduced second virial coefficients (B 2 *ϭB 2 /B 2 HS ) at the critical point of fluid-fluid transition is not supported by the RG calculations at least for the Yukawa and the square-well fluids. Indeed, it has been shown before by Rosenbaum and co-workers that at the critical point of the metastable fluid-fluid equilibrium, the reduced osmotic second virial coefficients of protein solutions remain sensitive to the solution conditions ͓11͔. attractive potential is short ranged, the reduced second virial coefficient declines as ⌫ increases. Interestingly, B 2 * exhibits a minimum at an intermediate range of attractions for the square-well potential. There has been speculation that the low values of the reduced second virial coefficient at the critical point of protein solutions are associated with the strong anisotropic attractions between protein particles ͓8,78͔. However, Fig. 5 implies that at certain conditions, an isotropic potential may also give a relative small value of B 2 * .
C. Threshold of the range of attraction for a stable fluid-fluid transition
It is now well known that the range of attraction between particles determines whether or not a colloidal system can exhibit a stable fluid-fluid transition. However, it remains difficult to quantitatively predict the range of attraction beyond which the fluid-fluid transition is thermodynamically stable. Recently, Noro and Frenkel observed that for 2nϪn Lennard-Jones potential, ␣-Lennard-Jones potential, and attractive Yukawa potential, the boundary between stable and metastable fluid-fluid transition is located within a narrow range of ⌫ between 0.13 and 0.15 ͓43͔.
By using the RG theory and perturbation theories for fluid and solids, we calculated the triple points of the Yukawa and AO fluids at different ranges of attractions. The triple point disappears when the fluid-fluid transition becomes metastable in comparison to the fluid-solid equilibrium. Figure 6 shows the dependence of the triple point densities on the screening parameters of the attractive Yukawa potential. When the attraction is long ranged ͑small values of ͒, the triple point resembles that for a simple fluid where the densities of vapor, liquid, and solid are easily distinguishable. The densities of ''vapor'' and ''liquid'' phases converges as the range of attraction decreases and when Ͼ5.3, the triple point disappears, signaling a metastable fluid-fluid transition. This value of corresponds to the range of attraction ⌫ϭ0.13 at the critical point, in excellent agreement with the simulation result. Figure 7 presents the triple points of the AO potential at different values of the polymer-particle size ratios. The crossover size ratio predicted by the RG theory (␦ϭ0.45) is slightly larger than that obtained form direct simulations based on the AO potential (␦ϭ0.4). This discrepancy is likely related to the inaccuracy of our theory for predicting the freezing line of the AO fluid with short-ranged attractions. Based on a model polymer-colloid system consisting of poly͑methyl methacrylate͒ particle and polystyrene polymers, the experimental value for the crossover size ratio is about 0.24, significantly lower than the prediction of most current calculations. This disagreement between the theory and experiments warrants further investigations. Because it is not obvious on how to define the reduced temperature in terms of the AO potential, we did not compare the onset range of attraction with the empirical rule proposed by Noro and Frenkel ͓43͔. Figure 8 presents the phase diagrams of the Yukawa system at variable ranges of attractions. Also shown in this figure is the percolation line predicted using Eq. ͑20͒. Gelation is likely to occur underneath the percolation line. When the attraction is short-ranged, the percolation line crosses both the freezing line and the metastable fluid-fluid coexistence curve. Above the percolation line, crystallization and metastable fluid-fluid transition are expected to be observable. Conversably, below the percolation line, gelation may occur before crystallization or the metastable fluid-fluid separation. As the range of attraction increases, the percolation line shifts to the right-hand side of the phase diagram. As a result, gelation becomes less likely to interfere with the crystallization and the fluid-fluid transitions. Because colloidal particles are often larger than protein molecules and the attraction between colloidal particles is relatively shorter ranged in comparison to that between proteins, Fig. 8 explains in part why metastable fluid-fluid transition is often observed in aqueous protein solutions, but not in typical colloids. Similar equilibrium and nonequilibrium phase boundaries have been reported by Kulkarni and co-workers for square-well systems and for aqueous protein solutions ͓8͔.
D. Gelation
For systems with long-ranged attractions, the fluid-fluid transition becomes thermodynamically stable and the gelation line shifts out of the fluid-fluid coexistence region ͓Fig. 8͑b͔͒. As the range of attraction is further increased, we expect that the percolation line will move further toward the right-hand side of the melting line. In that event, both the fluid-fluid and fluid-solid transitions are free from the interference of the percolation. As a result, the fluid-fluid transition and freezing should be readily observable as in a simple fluid where the intermolecular attractions are long ranged. The interplay between the equilibrium phase behavior and gelation, as shown in Fig. 8 , agrees at least qualitatively with that reported by Foffi and co-workers based on SCOZA for the fluid phases and MCT for gelation ͓17͔.
Similar phase behavior is observed using the AO potential ͑Fig. 9͒. Interestingly, we found that, as shown in Fig. 9͑a͒ , the percolation line may interfere only with the metastable fluid-fluid transition, but not with the freezing line for the AO system with short-ranged attractions. In comparison to that in the Yukawa system with also short-ranged attractions ͓Fig. 8͑a͔͒, it appears that crystallization in colloidal systems is sensitive to the specific forms of the attractive potential. Figure 9͑b͒ shows that in the AO system, the percolation line may impede the fluid-fluid equilibrium, freezing as well as melting transitions.
IV. CONCLUSIONS
Over the last decade there have been extensive investigations on the relation between the osmotic second virial coefficient and the phase behavior of colloids, solubility and crystallization of proteins in aqueous solutions in particular. We have shown that at the critical point of the fluid-fluid transition, the osmotic second virial coefficient varies with the range of attractions, in contrast to the common belief that it remains practically constant. However, given an accurate pair potential of mean force between colloidal particles, statistical-mechanical theories in complement with the RG correction may provide reliable equilibrium phase diagrams FIG. 8 . ͑a͒ The fluid-fluid coexistence ͑thin broken line͒, the fluid-solid coexistence ͑solid line͒, as well as the percolation line ͑dashed line͒ for the Yukawa potential at ϭ9.0. ͑b͒ Same as ͑a͒ but for ϭ1.8. Here the fluid-fluid transition is thermodynamically stable and is labeled as the thin solid line.
of colloids ͑with the premise that the potential of mean force is pairwise additive͒.
For colloids with short-ranged attractions, the critical temperature of the fluid-fluid transition appears well correlated with the range of attractions, essentially independent of the details of the potential profiles. Such correlation will be useful for the estimation of the critical temperature of colloidal dispersions once the potential profile or the osmotic second virial coefficient is already known. Since the latter can be conveniently measured using conventional light scattering or chromatography methods ͓79͔, a correlation on the critical temperature and the range of attraction may find applications in the identification of favorable solutions conditions leading toward protein crystallization. As observed by Noro and Frenkel ͓43͔, the range of attraction may also provide a convenient parameter to justify whether or not the fluid-fluid transition is thermodynamically stable.
By comparing the relative positions of the phase coexistence curves and the percolation lines in the same phase diagram, we conclude that gelation is most likely to occur for systems with short-ranged attractions. The interaction between gelation and the equilibrium phase transitions depend not only on the range of attractions but also on the details of the potential profiles. Because percolation is a necessary but not sufficient condition leading to gelation or glass transitions, further investigations are required to understand the interplay among equilibrium and nonequilibrium phase transitions, glass transitions in particular. For the model potentials considered in this work, we find that the parameter 2 is
